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a b s t r a c t
A stock loan, or equity security lending service, is a loan which uses stocks as collateral.
The borrower has the right to repay the principal with interest and regain the stock, or
make no repayment and surrender the stock. Therefore, the valuation of stock loan is an
optimal stopping problem related to a perpetual American option with a negative effective
interest rate. The negative effective interest rate makes standard techniques for perpetual
American option pricing failure. Using a fast mean-reverting stochastic volatility model,
we applied a perturbation technique to the free-boundary value problem for the stock loan
price. An analytical pricing formula and optimal exercise boundary are derived by means
of asymptotic expansion.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
A stock loan, a type of equity securities lending service, is a loan that is collateralizedwith stocks and issued by a financial
institution (the lender) to a client (the borrower). The size of the securities lendingmarket reached its peak at nearly US$850
billion in 2007. After short-selling restrictions were imposed on the US securities market in 2008, the value of US equities on
loan was still nearly US$250 billion [1]. This huge value of stock loan transactions has stimulated interest in the appropriate
valuation of these loans in a general market situation.
A stock loan contract grants the borrower the right to repay the loan at any time or simply to default on it and lose
the collateral. The borrower’s early redemption right can be regarded as a perpetual American option [2]. The value of this
perpetual American option is therefore of central importance to the problem of stock loan valuation.
Xia and Zhou in [2] solved the stock loan valuation problem under the Black–Scholes (BS) model. They discovered that
the major difficulty is the negative effective interest rate which appears when the problem is transformed into the classical
perpetual American call option pricing problem. Traditional methods for pricing American options heavily rely on the
assumption of a non-negative interest rate [3]. The stock loan pricing problem has thus attracted a great deal of attention
since their work. Specifically, there are extensions to regime-switching models [4], phase-type Lévy models [5], and the
finite maturity constraint [6].
This paper generalizes the stock loan pricing problem to incorporate stochastic volatility (SV). Bakshi et al. in [7] provided
empirical evidence that taking SV into account is of first order importance for option pricing. Among many possible SV
models, we adopt the fast mean-reverting SV model in [8] for its practical calibration to implied volatility smile. This SV
model also allows us to use singular perturbation techniques to derive analytical expressions for the stock loan price and its
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optimal exercise boundary. In fact, thismodel has beenwidely used in the valuation of exotic options [9–11], real options [12]
and interest rate derivatives [13].
Although we focus on the fast mean-reverting SVmodel, the technique developed in this paper can be straightforwardly
extended to the multiscale SV model in [14]. The extension could be based on the related works on European options [14],
exotic options [15,16], and mean-reverting asset dynamics [17].
Unlike the existing literature, our asymptotic analysis is not only performed to the pricing function but also to the
optimal early exercise boundary. Thus, our framework involves a couple of asymptotic expansions which have to be solved
simultaneously. The major difficulty is that the asymptotic pricing formulas of each order have to satisfy the smooth-
pasting condition while the asymptotic optimal exercise boundary varies across different orders of accuracy. To circumvent
this, we construct a second layer expansion to each of the correction term such that the smooth-pasting condition holds
for each order of the expansion. In fact, it is the fundamental challenge of the free-boundary value problem associated
with the stock loan valuation in the sense that the optimal exercise boundary should be determined within the valuation
procedure. To the best of our knowledge, this paper is the first one that simultaneously renders the asymptotic closed-form
formulas for a liquidly traded American-style derivatives and its early exercise boundary using an SVmodel. The asymptotic
partial differential equation (PDE) approach is widely used in the literature of mathematical finance such as [18] and the
aforementioned citations.
Fouque et al. [8] have discussed the potential of applying their SV model to American option pricing. As the closed-form
solution for finite-time American options under the Black–Scholes model are infeasible, the asymptotic formulas of the
American option and early exercise boundary are not provided explicitly. In addition, the smooth-pasting condition is not
fully discussed in their paper. For the stock loan problem, as the associated American option is of perpetual type, we are able
to offer explicit formulas for the stock loan price and its optimal exercise boundary.
The remainder of the paper is organized as follows. Section 2 introduces themodel and the stock loan valuation problem.
Section 3 presents several properties of stock loans in an SVmodel. Section 4 derives the explicit formulas of stock loans and
its optimal exercise boundary in asymptotic expansions. Numerical examples are presented in Section 5. Section 6 concludes
the paper.
2. Problem formulation
2.1. The fast mean-reverting stochastic volatility model
The fast mean-reverting SV model of [8] is defined in the probability space

Ω, P, {Ft}t≥0 ,F

, where P is the market-
implied risk-neutral probability, and Ft is the σ -field generated by the pair of process

(Sεs , Y
ε
s )

0≤s≤t that satisfies the
following stochastic differential equations (SDEs).
dSεt = rSεt dt + f (Y εt )Sεt dWt , (1)
dY εt =

1
ε
(m− Y εt )−
ν
√
2√
ε
Λ(Y εt )

dt + ν
√
2√
ε
dZt , (2)
where Sεt is the stock price at time t, f (Y
ε
t ) is a positive valued function representing the volatility, Y
ε
t is a
Ornstein–Uhlenbeck (OU) process with mean reverting speed 1
ε
, ε > 0 is a small parameter, (Wt , Zt) are Brownian motions
with correlation ρ ∈ (−1, 1) and
Λ(y) = ρ(µ− r)
f (y)
+ c(y)

1− ρ2 (3)
is the market price of risk.
2.2. Stock loans
Stock loans are collateral loans in which stocks are used as collateral. The borrower receives the loan principal (q), pays
the service charge (c), and has the right to repay the principal with interest (continuously compounded at rate γ ) and regain
the stock at any future time. These transactions can be summarized as follows.
• The borrower receives a cash amount of q− c and V ε0 , a perpetual American option with time-varying strike price qeγ t .• The bank receives Sε0 (one unit of stock) as collateral.
By equating the benefits of both parties, the service charge is deduced as
c = q+ V ε0 − Sε0 . (4)
The corresponding perpetual American option has the representation:
V ε(x, y) = ess sup
τ∈T0
E

e−rτ

Sετ − qeγ τ
+ I{τ<∞}|Sε0 = ex, Y ε0 = y , (5)
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where Tu, u ≥ 0, is the set of all stopping times taking values in the time interval (u,∞). By the transformation of variable,Sεt = Sεt e−γ t , the option value becomes
V ε(x, y) = ess sup
τ∈T0
E

e−rτ Sετ − q+ I{τ<∞}|Sε0 = ex, Y ε0 = y , (6)
wherer = r − γ is the possibly negative effective interest rate andSε0 = Sε0 . The representation in (6) resembles the
perpetual American option with a constant strike price.
When the transformed stock priceSεt is viewed as the underlying stock of the American call in (6), we denote its log-value
asXεt = logSεt . Itô’s Lemma shows that
dXεt = r − f (Y εt )22

dt + f (Y εt )dWt . (7)
3. Stock loan properties in a stochastic volatility model
Several basic properties of the perpetual American option in (5) are useful in deriving the closed-form solution in a later
section. Take S = ex and write vε(S, y) = V ε(log S, y) = V ε(x, y). Proposition 3.1 and Lemma 3.1 are the stock loan
properties of the underlying stock following a continuous-time Markov process. These two lemmas are taken from [2] and
the proofs are thus omitted.
Proposition 3.1. vε(S, y), a deterministic function of S and y, satisfies the following properties.
1. (S − q)+ ≤ vε(S, y) ≤ S for all S > 0 and y ∈ R.
2. vε(S, y) is convex, continuous and nondecreasing in S on (0,∞).
Lemma 3.1. Define kε(y) = inf {S > 0 : S − q ≥ vε(S, y)} ≥ q, where inf∅ = ∞. Then, {S > 0 : S − q ≥ vε(S, y)} =
[kε(y),∞).
Theorem 3.1. If Xεt follows the SDE (7), then the optimal stopping time in (5) takes the form
τ ∗ = inf t ≥ 0 :Xεt ≥ bε(y) , (8)
where bε(y) is a function of y representing the optimal exercise boundary.
Proof. Taking Xεt = log(Sεt ), the stock loan value at time t can be written as
V εt = vε(Sεt , y) = ess sup
τ∈Tt
E

e−r(τ−t)

Sεt e
Xετ−Xεt − qeγ τ
+
I{τ<∞} | Ft

= eγ t ess sup
τ∈Tt
E

e−r(τ−t)

e−γ tSεt e
Xετ−Xεt − qeγ (τ−t)
+
I{τ<∞} | Ft

= eγ t ess sup
τ∈T0
E

e−rτ

xeX
ε
τ − qeγ τ
+
I{τ<∞} | F0

x=e−γ t Sεt
= eγ tvε(e−γ tSεt , y).
Hence, the optimal stopping time (cf. [19], Chapter 2.5) is
τ ∗ = inf t ≥ 0 : Sεt − qeγ t ≥ vε(Sεt , y)
= inf t ≥ 0 : Sεt − qeγ t ≥ eγ tvε(e−γ tSεt , y)
= inf t ≥ 0 : Sεt e−γ t − q ≥ vε(e−γ tSεt , y)
= inf t ≥ 0 : e−γ tSεt ≥ kε(y)
= inf t ≥ 0 :Xεt ≥ log kε(y) ,
where kε(y) is the value defined in Lemma 3.1. 
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4. Asymptotic expansion of the stock loan
By Feynman–Kac formula and the smooth fit condition for perpetual American option [20], V ε(x, y) is the solution to the
PDE: 
LεV ε(x, y) = 0 for x < bε(y)
V ε(bε(y), y) = ebε(y) − q
∂V ε
∂x
(bε(y), y) = ebε(y),
(9)
where bε(y) is the optimal exercise boundary defined as in Theorem 3.1,
Lε = 1
ε
L0 + 1√
ε
L1 +L2, (10)
with
L0 = (m− y) ∂
∂y
+ ν2 ∂
2
∂y2
; (11)
L1 =
√
2νρf (y)
∂2
∂x∂y
−√2νΛ(y) ∂
∂y
; (12)
L2 = 12 f (y)
2 ∂
2
∂x2
+

r˜ − f (y)
2
2

∂
∂x
− r˜· (13)
Note that the operatorL0 is the infinitesimal generator of the OU process Yt which satisfies the SDE
dYt = (m− Yt)dt +
√
2νdZt , (14)
and has the invariant distributionN (m, ν2).
We apply the asymptotic method to the PDE (9) under the assumption that ε is a small parameter. The asymptotic PDE
method is widely used in mathematical finance such as the aforementioned citation of fast mean-reverting asymptotic
analysis and the one in [18]. Consider the asymptotic expansions for V ε(x, y):
V ε(x, y) = V0(x, y; bε(y))+√εV1(x, y; bε(y))+ εV2(x, y; bε(y))+ · · · , (15)
where each of the Vi(x, y; bε(y)), i = 0, 1, 2, . . . , share the same optimal exercise boundary bε(y). We further expand the
optimal exercise boundary as follows
bε(y) = b0(y)+√εb1(y)+ εb2(y)+ · · · . (16)
For each i = 0, 1, 2, . . . , define
bˆi(y) = b0(y)+√εb1(y)+ · · · + ε i2 bi(y) (17)
to be a sequence of boundary layers and consider the expansion of the correction terms
Vi(x, y; bε(y)) = Vi,i(x, y)+ ε i+12 Vi,i+1(x, y)+ · · · . (18)
The expansion of the correction terms are defined in such a way that the sum
Vˆi,j(x, y; bˆj(y)) = Vi,i(x, y)+ ε i+12 Vi,i+1(x, y)+ · · · + ε j2 Vi,j(x, y), j = i, i+ 1, . . . (19)
are evaluated by replacing the boundary layer bˆi(y) in the expression of Vˆi,i(x, y; bˆi(y)) with the value bˆj(y). In order
to simplify the notations, we shall write Vˆi,j(x, y) instead of Vˆi,j(x, y; bˆj(y)) and assume the understanding of boundary
dependence.
We aim to compute the first two leading order terms of the above expansions, that is
Vˆ0,1(x, y)+√εVˆ1,1(x, y) and bˆ1(y). (20)
Substituting (15) into (9) gives
LεV ε = 1
ε
L0V0 + 1√
ε
(L1V0 +L0V1)+ (L2V0 +L1V1 +L0V2)
+√ε (L2V1 +L1V2 +L0V3)+ o(√ε) = 0. (21)
This implies that all the terms of the expansion in (21) should be equal to zero.
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Denote ⟨·⟩ as the expectation with respect to the invariant distributionN (m, ν2):
⟨h⟩ = 1
ν
√
2π
 ∞
−∞
h(y)e−
(y−m)2
2ν2 dy.
Our analysis often involves the solution of the Poisson equation:
L0g + h = 0. (22)
In order to admit a solution g(·)with reasonable growth at infinity, the Fredholm alternative condition requires that ⟨h⟩ = 0.
4.1. The zeroth order term
Webeginwith the zeroth order approximation. The following proposition asserts that it is nothing but the pricing formula
under the BS model with constant volatility.
Proposition 4.1. The zeroth order approximation, Vˆ0,0(x, y), is independent of y and takes the following explicit formula.
• If −2r˜/σ¯ 2 > 1,
Vˆ0,0(x) =

(β − 1)β−1
ββ
q1−βeβx for x < bˆ0
ex − q for x ≥ bˆ0,
(23)
where β = − 2r˜
σ¯ 2
, bˆ0 = log( βqβ−1 ).
• If −2r˜/σ¯ 2 ≤ 1, Vˆ0,0(x) = ex and bˆ0 = ∞.
Proof. Consider the zeroth order term in (21)
L0V0 = 0. (24)
AsL0 is a differential operator with respect to y, (24) implies that V0(x, y; bε(y)) is independent of y.
The first order term in (21) shows thatL1V0 +L0V1 = 0. As V0 is independent of y, the equation is reduced to
L0V1 = 0. (25)
Therefore, V1(x, y; bε(y)) is also independent of y.
The second order term in (21) implies that
L2V0 +L1V1 +L0V2 = 0. (26)
Using the fact thatL1V1 = 0, (26) is reduced to the Poisson equation in V2.
L0V2 +L2V0 = 0. (27)
The Fredholm solvability condition implies
⟨L2V0⟩ = ⟨L2⟩ V0 = 0, (28)
where ⟨L2⟩ is the operatorL2 in which f (y)2 is replaced by σ¯ 2 =

f 2

. Thus,
⟨L2⟩ V0 = 12 σ¯
2 ∂
2V0
∂x2
+
r − σ¯ 2
2

∂V0
∂x
−rV0 = 0, ∀x < bε(y). (29)
By neglecting terms of O(
√
ε), we have the following approximation,
V ε(bε(y), y) ≃ Vˆ0,0(bˆ0(y));
∂V ε
∂x
(bε(y), y) ≃ ∂ Vˆ0,0
∂x
(bˆ0(y)).
eb
ε(y) ≃ ebˆ0(y); (30)
Hence, we obtain
Vˆ0,0(bˆ0(y)) = ebˆ0(y) − q and ∂ Vˆ0,0
∂x
(bˆ0(y)) = ebˆ0(y). (31)
The governing equation (29) and the boundary conditions in (31) constitute the differential equation for stock loan with a
free-boundary bˆ0(y). This solution has been systematically solved in [2] and presented in this proposition. 
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4.2. The first order correction term
Although the derivation of the zeroth order term is pretty standard and similar to that in [21], the first order correction
term is much more complicated. It involves the correction to the stock loan value Vˆ1,1(x, y) and a revised early exercise
boundary bˆ1(y), both of which have to be solved simultaneously in a free-boundary value problem.
Proposition 4.2. The first order correction to the stock loan price, Vˆ1,1(x, y), and the revised early exercise boundary, bˆ1(y), are
independent of y. They satisfy the following PDE.
⟨L2⟩ Vˆ1,1 =

v2
∂3
∂x3
+ (v1 − 3v2) ∂
2
∂x2
+ (2v2 − v1) ∂
∂x

Vˆ0,1, x < bˆ1, (32)
Vˆ1,1(bˆ1) = 0, x ≥ bˆ1, (33)
∂ Vˆ1,1
∂x

x=bˆ1−
= βq− (β − 1)ebˆ1 , (34)
where
v1 = ν√
2

2ρ

f φ′
− Λφ′ ; v2 = ρν√
2

f φ′

, (35)
and φ(y) is a solution to the Poisson equation,
L0φ(y) = f (y)2 −

f 2

. (36)
Proof. In the proof of Proposition 4.1, we have already shown that V1 is independent of y. Consider the Poisson equation (27)
which can be written as
V2 = −L−10 (L2 − ⟨L2⟩) V0. (37)
Alternatively, the third order term in (21) gives
L2V1 +L1V2 +L0V3 = 0, (38)
which is a Poisson equation in V3. The solvability condition implies that
⟨L2⟩ V1 = −⟨L1V2⟩
= L1L−10 (L2 − ⟨L2⟩) V0
= L1L−10 f (y)2 − f 2 12

∂2
∂x2
− ∂
∂x

V0
=

v2
∂3
∂x3
+ (v1 − 3v2) ∂
2
∂x2
+ (2v2 − v1) ∂
∂x

V0, (39)
which is exactly (32), where v1 and v2 are defined in (35) and φ(·) in (36).
Considering terms up to O(
√
ε), we have the following approximation
V ε(bε(y), y) ≃ Vˆ0,1(bˆ1)+√εVˆ1,1(bˆ1);
∂V ε
∂x
(bε(y), y) ≃ ∂[Vˆ0,1 +
√
εVˆ1,1]
∂x
(bˆ1);
V0(x) ≃ Vˆ0,1(x);
eb
ε(y) ≃ ebˆ1 . (40)
By replacing bˆ0 with bˆ1 in the formula of Vˆ0,0, Vˆ0,1 takes the formula
• if−2r˜/σ¯ 2 > 1,
Vˆ0,1(x) =

a1eβx for x < bˆ1
ex − q for x ≥ bˆ1, (41)
where
a1 = e
bˆ1 − q
eβbˆ1
; (42)
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• if−2r˜/σ¯ 2 ≤ 1,
Vˆ0,1(x) = ex (43)
and bˆ1 = ∞.
Consider the boundary condition in (9) and the first equation of (40), we deduce
a1eβbˆ1 +√εVˆ1,1(bˆ1) = ebˆ1 − q, (44)
which implies
Vˆ1,1(bˆ1) = 0,
which is exactly (33) if bˆ1(y) is independent of y. As Vˆ1,1 is a function independent of y, the boundary condition above implies
that bˆ1(y) is a constant once Vˆ1,1 is a non-zero function. However, if Vˆ1,1 ≡ 0, then (32) and (43) imply that Vˆ0,1 = ex and
bˆ1 = ∞. Hence, b1(y) is independent of y.
Noting that Vˆ0,1 is not differentiable at bˆ1, the derivatives at both sides are
∂ Vˆ0,1
∂x

x=bˆ1−
= a1βeβbˆ1 = β

ebˆ1 − q

∂ Vˆ0,1
∂x

x=bˆ1+
= ebˆ1 .
The smooth fit condition in (9) implies
∂ Vˆ0,1
∂x

x=bˆ1−
+ √ε ∂ Vˆ1,1
∂x

x=bˆ1−
= ∂ Vˆ0,1
∂x

x=bˆ1+
+ √ε ∂ Vˆ1,1
∂x

x=bˆ1+
. (45)
Substituting the values of the derivatives yields (34). 
Note that the values vεi =
√
εvi for i = 1, 2 in (35) are effective parameters to be calibrated to fit the implied volatility
skew. Therefore, we do not really need to compute these two values in practice but estimate them from the observed implied
volatility skew curve. The calibration procedure is a simple linear regression as reported in [14].
It is seen that the PDE (32) has a free-boundary condition (34) which depends on the boundary condition correction term
b1. This creates some difficulties becausewe have no prior knowledge about the boundary condition correction term. In fact,
it should be solved from the free-boundary value problem as well. However, if−2r/σ¯ 2 ≤ 1, the solution is obvious.
Proposition 4.3. If −2r˜/σ¯ 2 ≤ 1, then Vˆ1,1(x) = 0 and bˆ1 = ∞.
Proof. Under the assumption, Proposition 4.2 has shown that Vˆ0,1(x) = ex and bˆ1 = ∞. Substituting Vˆ0,1(x) into the right-
hand side of (32) gives
⟨L2⟩ Vˆ1,1 = 0. (46)
This and the boundary condition (33) implies that Vˆ1,1 ≡ 0. 
Proposition 4.3 clarifies the condition underwhich the stock loan is not traded. If−2r/σ¯ 2 ≤ 1, then Vˆ0,1(x)+√εVˆ1,1(x) =
ex and q = c . In other words, the bank has no intention to issue the stock loan because no additional interest is charged
for the stock as collateral. Interestingly, the condition which determines the existence of a stock loan solely involves the
historical volatility estimate σ¯ and the immediate value of the volatility has no effect at all.
We turn to the case in which−2r/σ¯ 2 > 1. The free-boundary value problem (32) is completely solved and the result is
summarized in the following proposition.
Proposition 4.4. If −2r˜/σ¯ 2 > 1, the first order correction term Vˆ1,1 to the stock loan and the optimal exercise boundary
correction term bˆ1 have the following representation.
Vˆ1,1(x) =

c1xeβx + c2eβx for x < bˆ1
0 for x ≥ bˆ1,
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where β = − 2r
σ¯ 2
, bˆ1 = b0 +√εb1, b0 = log βqβ−1 ,
c1 = e
bˆ1 − q
eβbˆ1
Γ , (47)
c2 = −c1bˆ1, (48)
b1 = − Γ
β(β − 1) (49)
Γ = 2β

v2β
2 + (v1 − 3v2)β + (2v2 − v1)

σ¯ 2(β − 1) . (50)
Proof. For x < bˆ1,
⟨L2⟩ Vˆ1,1 =

v2
∂3
∂x3
+ (v1 − 3v2) ∂
2
∂x2
+ (2v2 − v1) ∂
∂x

Vˆ0,1
= a1β

v2β
2 + (v1 − 3v2)β + (2v2 − v1)

eβx, (51)
where a1 is as defined in (42). To construct a particular solution for Vˆ1,1, consider the solution form
Vˆ p1,1(x) = c1xeβx. (52)
Substituting this into the left-hand side of (51) yields
1
2
σ¯ 2
∂2Vˆ p1,1
∂x2
+

r˜ − σ¯
2
2

∂ Vˆ p1,1
∂x
− r˜ Vˆ p1,1
= 1
2
σ¯ 2

2c1βeβx + c1β2xeβx
+ r˜ − σ¯ 2
2
 
c1eβx + c1βxeβx
− r˜c1xeβx
= c1σ¯ 2βeβx + c1

r˜ − σ¯
2
2

eβx,
where the last equality holds with
1
2
σ¯ 2β2 +

r˜ − σ¯
2
2

β −r = 0.
This implies that c1 is as defined in (47).
It is clear that the homogeneous solution is of the form
Vˆ h1,1(x) = c2eβx + c3ex. (53)
We claim that c3 = 0. To see this, define
Eε(t, x, y) = E

e−r(T−t) SεT κ |Sεt = ex, Y εt = y . (54)
Consider the following expansion
Eε(t, x, y) = E0(t, x, y)+√εE1(t, x, y)+ o(√ε). (55)
As argued in [4], if c3 ≠ 0, we should have
E0(t, x, y)+√εE1(t, x, y)→ 0 as T →∞ (56)
for κ = 1. Following a similar analysis for V ε(x, y), we know that E0 is the expectation evaluated with the BSmodel and this
is solved in [4] that
E0(t, x, y) = eκx+(κ−1)(κ−β) σ¯
2(T−t)
2 . (57)
E1 is given by
E1(t, x, y) = −(T − t)

v2
∂3
∂x3
+ (v1 − 3v2) ∂
2
∂x2
+ (2v2 − v1) ∂
∂x

E0
= −(T − t)κ v2κ2 + (v1 − 3v2)κ + (2v2 − v1) eκx+(κ−1)(κ−β) σ¯2(T−t)2 . (58)
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Fig. 1. The stock loan value against log price.
We refer to [21] for details. It is now easy to see that
E0(t, x, y)+√εE1(t, x, y)→ 0 as T →∞
does not hold for κ = 1. This implies that c3 = 0 and proves the claim.
For x < bˆ1, a general solution of Vˆ1,1 is the sum of the homogeneous solution and the particular solution. Hence,
Vˆ1,1(x) = c1xeβx + c2eβx. (59)
Substituting this into the boundary condition (33) and the smooth fit condition (34) yields
c1bˆ1eβbˆ1 + c2eβbˆ1 = 0, (60)
c1eβbˆ1 + c1bˆ1βeβbˆ1 + c2βeβbˆ1 = βq− (β − 1)ebˆ1 . (61)
Solving these equations for c2 and bˆ1 gives c2 as in (48) and
bˆ1 = log (β +
√
εΓ )q
β − 1+√εΓ .
Using the Taylor expansion, one could express bˆ1 in the form
bˆ1 = log βq
β − 1 −
Γ
β(β − 1)
√
ε + o(√ε),
which gives (49). 
5. Numerical example
We use a numerical example with effective parameters calibrated to real data to demonstrate the importance of the
asymptotic solution. The example is based on a stock loan contract with γ = 0.1 and q = 10. Using the S&P500 index option
data and interest rate in [15], the numerical example uses the market interest rate of r = 0.05 and effective parameters:
σ¯ = 0.1, vε1 = 0.0017 and vε2 = 0.0001.
Figs. 1 and 2 show the stock loan values and service charges, respectively. The solid curves indicate prices from the SV
model and the dashed curves are prices from the BS model. Vertical lines are the optimal exercise boundaries. Again, solid
lines correspond to the SV model and dashed lines to the BS model. This example makes β > 0 and the stock loan is traded.
Both the option value and the optimal exercise boundary are overestimated by the BS model, and hence the service charge
is also overestimated by the BS model as well. The overestimation in prices is quite substantial. Therefore, borrowers are
much more likely to redeemed the stock and the redemption time (optimal stopping time) is expected to be shorter in the
SV economy. This fits the market situation as stock loans are often redeemed overnight. The equity security lending rate is
referred to as the equity repo rate in the financial market, indicating that the borrowing period is often as short as overnight
or several days.
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Fig. 2. Service charge against log price.
6. Conclusion
Using a fast mean-reverting SV model, we analyze the price behavior of the asymptotic price of stock loans and
the optimal exercise boundary. We apply the perturbation technique for PDE to solve the free-boundary value problem
associatedwith the stock loan valuation. Althoughwe focused here on a stock loan problemwhere the effective interest rate
is negative, the methodologies we presented are obviously applicable to the positive interest rate, and perpetual American
option on a stock which pays a high value of dividend yield. A future work can prove the order of convergence of our
approximation and combines our approach with the matched asymptotic expansion in [22].
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